In this note we show, by using several examples, how the effective action for gravity obtained after integrating out matter fields, can be used to compute particle production rates and spectra for different space-time metrics. We also discuss the validity of this approach and compare it with other more conventional ones such as Bogolyubov transformations or the WBK method. Compared with the traditional Bogolyubov method, the effective action allows us to obtain the information on the instantaneous rate of production in a remarkably simple way.
Introduction
In recent years the notion of effective action (EA) has proved to be a very useful tool for the development of the so called phenomenological lagrangians. Typically, effective actions are obtained in theories with heavy and light fields by functional integration of the heavy modes to find the effective low-energy theory for the light modes after some momentum expansion. Usual applications of those techniques include low-energy hadron dynamics (the so called Chiral Perturbation Theory), the symmetry breaking sector of the standard model, and low-energy quantum gravity (see [1] for a recent review and references therein). Effective actions use to have divergent local terms that must be renormalized by introducing the appropriate counterterms. In addition, non-local finite terms also appear which contribute to the imaginary part. This imaginary part is physically important since it is connected with the possibility of having particle production. By this we mean the production of the quanta corresponding to the fields that has been integrated out.
For the sake of simplicity we will consider in this work only scalar fields propagating in a curved space-time. Then the corresponding classical action is given for real fields by:
where:
The EA for the gravitational fields that arises after integrating out the real scalar matter fields is given by the following expression in Lorentzian signature: 
where O xy (m 2 ) = (−2 y − m 2 − ξR(y) + iǫ)δ 0 (x, y) with δ 0 (x, y) being the covariant delta δ 0 (x, y) = g −1/2 (x)δ(x, y). Thus we have
In this expression we have integrated the scalars but the gravitational field is treated classically. Accordingly, this EA must be added to the classical action for the gravitational field and it includes the quantum effects due to the matter fields. In addition, (3) is the generating functional of the Green functions containing scalar loops only and external gravitational legs. The exact expression for the EA W [g µν ] is not known for arbitrary space-time geometries. However, in a recent work [2] we have computed the low-energy behaviour of this EA for gravity, including the non-local terms, up to second order in curvatures for asymptotically flat metrics. There we used the local momentum representation which is based in the Riemann normal coordinate expansion [3] . This approach combines the standard flat space-time methods with explicit covariant expressions and can be useful to compute, not only the divergences, but also the nonlocal terms by performing the expansions around two different points.
Once one knows the EA at least in some limit, we have all the information concerning the semi-classical gravitational evolution in this limit. The corresponding equations of motion will modify the Einstein equations including the quantum fluctuations of the matter fields. On the other hand, the EA could have a non-vanishing imaginary part, which is related to the pair production probability. In fact, the probability P that at least one pair particle-antiparticle is created by the gravitational field is given by [4] :
for small values of W [g µν ] we have:
The result obtained for W [g µν ] in the massless limit is given by [2] :
where Γ(2) is defined as
that should be understood through the corresponding Fourier transform written in normal coordinates (x µ ) with origin at y 0 [2] :
and R denotes generically the scalar curvature, the Ricci or Riemann tensors. Finally N ǫ is the well known constant appearing in dimensional regularization N ǫ = 2/ǫ−γ +log 4π. As mentioned above, the ǫ pole divergence must be renormalized by the introduction of the appropriate counterterms in order to find the renormalized EA. This is quite trivial in this case since there is no wave function renormalization [2] . However, in this work we are interested in particle production. For some given metric, particle production will appear whenever the evaluation of the EA gives rise to some non-vanishing imaginary part. In this case, the metric will be unstable under particle radiation even if it is stable on classical grounds.
General results
As shown in [4] in the QED case, the EA imaginary part is proportional to the pair production probability. In the gravitational case this interpretation cannot be done in general, as far as the very particle definition is ambiguous in many cases. However the analogy with flat space-time is expected to work in some situations, at least when asymptotic in and out states can be defined [5] . In such cases, a classical solution of the Einstein equations, that we will consider as background space-time, will be unstable and will decay by pair emission provided the EA imaginary part is non-vanishing.
For the sake of simplicity we will study massless scalar particles propagating in a cosmological background, whose metric is that of Friedmann-Robertson-Walker (FRW):
where K determines the spatial curvature sign [6] and a(t) is the universe scale factor. The EA imaginary part comes from the logarithms in (7). Due to the homogeneity and isotropy of space in the present case, the different curvatures appearing in that expression only depend on the time coordinate. Thus, we can perform the spatial coordinates integration in (9) and generically we will obtain:
Let us momentarily consider a general metric, not necessarily FRW. It is easy to see from the first term in this equation that when the metric is static, i.e only depending on spatial coordinates, the argument in the logarithm would only contain p 2 − iǫ. Therefore the imaginary part would be zero and we would recover the well-known result of absence of particle production in general (non-homogeneous) static backgrounds, provided we consider asymptotically flat manifolds without singularities or horizons.
• FRW metrics
Returning to the FRW metric we obtain from (11) the general expression:
Comparing this result with that for the divergences derived in [2] , we see that both have the same form. The integrand will provide the particle production rate per unit coordinate volume. Notice that (12) is a linear combination of R 2 µνλρ , R 2 µν and R 2 , but we can choose a different basis to write it. In particular, we can take the one made of R 2 , C 2 µνλρ and E, where C µνλρ is the Weyl tensor and E = R 2 µνλρ − 4R 2 µν + R 2 is the Gauss-Bonnet term. In this basis we have:
In our case, a 1 = −a 2 . On the other hand, the FRW metric is locally conformal to the Minkowski metric and hence its Weyl tensor vanishes. Therefore (12) only contains the scalar curvature and the Gauss-Bonnet terms, but the latter also vanishes in the class of asymptotically (t → ±∞) Minkowskian metrics we are dealing with. To summarize, the imaginary part in this case reduces to:
• Conformal coupling
In the conformal case (ξ = 1/6) it is evident from the above expression that the EA imaginary part is zero and accordingly there will be no particle production. This is a well-known result and has been proved by studying the positiveenergy modes of the corresponding Klein-Gordon equation [7] for the scalar field. The EA provides in this case a simple way to prove a general result.
• Radiation dominated universe
But conformal invariance is not the only case in which there is no particle production in a FRW background. From the above arguments, we have seen that the only piece contributing to the EA imaginary part is the R 2 term. If this term vanishes, there would not be particle creation. For a FRW metric with K = 0 this implies the following condition:
where H =ȧ/a is the Hubble parameter. The solution is simply: a(t) = A(t − t 0 ) 1/2 with A and t 0 arbitrary constants. In fact taking traces in the Einstein equations (with the stress tensor corresponding to a perfect fluid), it is obvious that R = 0 implies R = 8πG(3p−ρ) = 0, with p and ρ the pressure and density of the fluid. Accordingly ρ = 3p, which is nothing but the state equation for a fluid of highly relativistic particles. Therefore a radiation dominated universe is a stable solution of Einstein equations against pair emission ([7, 8] and references therein).
• Homogeneous anisotropic metrics Consider now a general homogeneous but anisotropic metric of the Bianchi type:
where the 3-metric g ij only depends on the time coordinate. Since, as it happened with the FRW, the curvatures only depend on the time coordinate, it is possible to explicitly perform the spatial coordinate integration in (9). Therefore we obtain the same combination of curvature tensors as in (12) for the EA imaginary part. In this case the metric is not conformal to the Minkowski one and accordingly it is not possible to drop the Weyl term from (13) . The Gauss-Bonnet term continues vanishing since we are assuming the metric to be asymptotically Minkowskian in the remote past and future. To summarize, the resulting EA imaginary part can be written for this kind of metrics as:
This result generalizes that of Zel'dovich and Starobinski [9] (see also [10] ) obtained by using standard Bogolyubov techniques. Assuming g ij = δ ij (1 + h i (η)), neglecting terms of order O(h 3 ) in (17) and imposing that asymptotically the anisotropies vanish, we recover the result in [9, 10] .
From the above expressions we can extract another consequence. Particle production only takes place when curvature is non-vanishing, i.e, in the presence of a genuine gravitational field and not merely by means of a coordinate change as it happens for an accelerated observer [5] , in the latter case the creation could be considered as fictitious. Therefore, for the boundary conditions in the space-time geometry that we mentioned before, the EA provides an invariant criterium (independent of the observer) to decide when particle production takes place.
3 Specific examples with minimal coupling ξ = 0
In order to illustrate the previous results we will show several examples in which the EA allows us to make physical predictions. In some cases it will be possible to compare these results with those obtained by means of the traditional Bogolyubov transformations.
• The static universe Consider the simplest non-flat model that can be described by the FRW metric, i.e, the static universe a(t) = c with K = ±1, which is known in the K = 1 case as Einstein universe. This model would be the gravitational analogue of the electrostatic case studied by Schwinger [4, 2] . Although the space-time is not asymptotically flat, it is possible to use (12) to obtain the EA imaginary part since the covariant derivatives of the curvatures vanish. When we evaluate (12) for this metric, we see that the first two terms cancel each other and only remains that containing the scalar curvature. In this case:
Then the pair production rate per unit physical volume is given by:
this rate refers to the proper time t and is constant. This implies that all particles are produced with zero energy. In the Minkowski case (K = 0) there is no particle production, as expected.
• Model 1
We will now consider a complex scalar field and the FRW metric with K = 0. It will be useful, in order to compare with other results, to work with the new time coordinate defined by:
that allows us to write the d'Alembertian operator acting on time dependent functions as:
First we consider the model proposed in [11] . The scale factor is given by:
For τ → ∞(−∞), a(τ ) smoothly tends to a constant a 2 (a 1 ), i.e, it is possible to unambiguously define initial and final states. On the other hand, a 1 , a 2 , s and b are arbitrary parameters. For a 2 >> a 1 and using quantum mechanics methods, it is possible to calculate the Bogolyubov coefficients and hence the number density of produced particles [11] :
where the number of created pairs per unit coordinate volume and unit trimomentum volume in the k mode is related to the Bogolyubov coefficients by means of:
The relation between < N k > and the pair production probability per unit coordinate volume p BOG is given by this expression [12] :
where the + sign is used for bosons and − for fermions. In the present model < N k > does not depend on a 2 nor b. Using (24) we find for the probability density:
On the other hand, the EA method provides from (14) :
with:
In Figure 1 we have drawn p BOG and p EA with respect to a 1 . It can be seen that both methods completely agree within the computation numerical precision. Notice that we have used a large value for a 2 compared with a 1 in order the result in (23) to be valid. We have also checked that p EA is insensitive to a 2 and b.
• Model 2 The second model we will study is that proposed in [13] . The scale factor is now given by:
where A and B are arbitrary constants. The number of created pairs in the k mode is given by:
Now both methods surprisingly yield the same results for the probability densities:
Since in (26) we have neglected higher order terms in curvatures, we can conclude that in this case they do not contribute to the EA imaginary part.
Spectrum and WBK approximation
The traditional Bogolyubov method for particle production gives information, not only on the total number of created particles, but also on their energy distribution. The EA method gives the production rate in a much more simple way and also allows us to approximately obtain the spectrum. Let us illustrate this issue with a simple example and compare our result with the one obtained from the traditional method.
Consider the Klein-Gordon equation for a minimally coupled massless complex scalar field
Introducing the FRW metric (10) with time coordinate τ and K = 0, we look for solutions by means of variable separation φ(τ, x) = χ k (τ )e i k x . Hence the temporal equation can be written as:
where k 2 = k k. In the simple example we are going to consider, the scale factor is made of two step functions:
with v and T being arbitrary parameters. The Bogolyubov coefficients provide the following value for the number of created pairs per unit coordinate volume and unit trimomentum volume in the k mode:
Expanding the RHS of (24) using (34) up to O(v 4 ) we find:
The integrand gives the probability density per unit trimomentum volume. On the other hand, the EA method gives the following result from (14):
We have introduced a global 2 factor in the EA because now the field is complex. The spectrum can be obtained by introducing a complete set of plane waves:
Comparing p BOG with p EA we find that both integrands agree by identifying p = 2k. This is sensible and represents the energy conservation in the pair creation, since k is the single particle energy and p is the energy of the gravitational field oscillations producing particles.
From the complementary point of view, given the number density of created particles < N k >, it is also possible to obtain the scale factor evolution by inverting the previous steps:
This result agrees with the calculation from (33). Let us try to generalize the above results for arbitrary scale factor evolution. In the above example, it can be shown that the difference in the results using plane waves or a complete set of solutions of the Klein-Gordon equation is O(v 6 ). Therefore the former is a good approximation. Now we have to take into account the presence of curvature. With that purpose we take a variable-frequency plane waves such that in the vanishing curvature limit they agree with the usual plane waves.
Let us consider the temporal part of the Klein-Gordon equation (32). This is a harmonic-oscillator equation but with a time-dependent frequency ω k (τ ) = ka 2 (τ ). Changing to the new time coordinate dη = a 2 (τ )dτ , we can write: in the last step we have introduced a plane-wave basis corresponding to the new time coordinate. Changing again to the old coordinate τ we have:
where we have used (27). Now the plane waves have a frequency that corresponds to that appearing in the Klein-Gordon equation. As in the step function example, we have used p = 2k. The pairs density < N k > can be calculated in a very easy way by identifying (40) with (24). In order that the use of plane waves makes sense, it is needed that space-time expansion is adiabatic, i.e, its rateȧ/a, must be much smaller than the particle frequency ω k . As ω k is proportional to k, it is expected that this approximation improves for large k. Notice that this approximation is different from the one used in the EA calculation. Using the WBK method, it is possible to find an approximate expression for the probability density. Brézin and Itzykson [14] propose:
which is valid forω k << ω 2 k , i.e, ka 2 >>ȧ/a, that is the same condition as before. Notice that the difference between both results (p EA and p W BK ) is just a factor (2 in the first case and 3 in the second), however the origin of both methods is very different.
In Table 1 some values of the number densities are shown for the different methods. The results have been obtained from (40) and (41) for the model (22) by numeric integration. Due to the strongly oscillating integrals, the results can only be given for small momenta. Both methods give similar results to those obtained with the Bogolyubov coefficients.
Conclusions
In this work we have shown how to use the non-local form of the gravitational EA (up to O(R 2 )) for the computation of massless scalar particle production. For asymptotically flat FRW backgrounds it is shown that the particle production probabilities only depend on the scalar curvature. As a consequence and as expected there is no particle creation in a radiation dominated universe. This is also the case for conformally coupled scalar fields. For anisotropic homogeneous metrics we reobtain the well-known expression of Zel'dovich and Starobinski. We compare our results with those obtained by means of the well-known Bogolyubov transformations. In the examples considered, the agreement between both methods is complete for the probability densities. Finally we also compare the different spectra derived with the EA, Bogolyubov and WBK techniques.
The EA method presented here can be extended to general metrics (not necessarily homogeneous) in a straightforward way. It provides an alternative way for the calculation of particle production and compared with the Bogolyubov one, which only gives information about the energy spectrum of the total amount of particles produced, the EA presents the advantage of allowing the calculation of the instantaneous creation rates. This fact could make this method valuable in those areas in which the Bogolyubov technique has been traditionally applied, such as cosmological perturbations, generation and evolution of inhomogeneities in inflationary models, etc [15] . In a recent work [16] the relevance of the non-local EA for particle creation has also been stressed from a different point of view based on the energy-momentum tensor expectation values.
